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On Generalized Means 1 
By H.P. THIELMAN 
1. Introduction. Every student of elementary mathematics is 
acquainted with the concepts of the arithmetic mean, the harmonic 
mean, and the geometric mean of sets of numbers. These concepts 
are also common mathematical tools used in the analysis of data 
in many applied sciences. It may not be so well known that there 
exist various types of means of which those mentioned above are 
very special cases. It is the object of this paper to give postulational 
definitions of the concept of means in general, and to derive certain 
relations between different kinds of means. In this connection it 
will also be shown that certain classes of functions, namely convex 
functions, can be defined in terms of the notion of means. 
2. What is a mean? We define a single valued function 
M ( x, y) ( aL'.'.'.x, yL'.'.'.~) of two variables x and y to be a mean of 
x and y if it satisfies the following postulates: 
(i) M(.r, y) = M(y, x) 
(This means that the function M(x, y) is symmetric. In other 
words, the mean of two numbers does not depend on the order in 
which these numbers are taken.) 
(ii) M(x', y) >M(x, y) if x'>x. 
(This means that the mean is a strictly increasing function of each 
of its variables. From ( i) and (ii) it follows that M ( x, y') > 
M(x, y) if y'>y, for M(x, y') = M(y', x) by (i), and by (ii) 
M(y', x)>M(y, x) if y'>y. Then by (i) M(y, x) =M(x, y) 
and hence M(x, y')>M(x, y) as was to be shown.) 
(iii) M(x, x) =x 
(This property is called reflexi·vity, and indicates that the mean of 
two equal numbers is their common value.) 
(iv) M[M(x, y), M(u, v)] =M[M(x, u), M(y, v)]. 
(This property is called bisymmetry. It states that if we form the 
mean of four numbers by first forming the mean of the first two 
numbers and the mean of the second two numbers, and then take 
the mean of these means, then the result is independent of the 
order in which the second and third numbers appeared. The post-
ulates ( i) and (iv) together state that the mean of four numbers 
1 Selected as the most meritorious paper presented to the Mathematics Section of the 
Iowa Academy of Science in 1949. 
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formed as just indicated is independent of the order in which the 
numbers are taken.) 
( v) M ( x, y) is a continuous function in x and y. 
The function M(x, y) was restricted to a closed interval aLx, 
yL~, but the definitions and results given here can be extended 
without difficulty to open, or half open intervals which may be 
infinite. 
It is easy to verify that the arithmetic, geometric and harmonic 
means satisfy the above postulates. 
Aczel 2 has proved that the above listed postulates are necessary 
and sufficient for the existence of a strictly increasing, continuous 
function 1(x), (aLxL~) in terms of which M(x, y) has the form 
(1) 
where 1-1 (x) denotes the inverse function of 1(x). 
Means which satisfy all five listed postulates will be called sym-
metric means. Those which satisfy the last four postulates but not 
the first will be called nonsymmetric means. Those which satisfy 
all but the postulate (iv) will be labeled non-bisymmetric means. 
Aczel has further shown that the postulates (ii), (iii), (iv) and 
( v) are necessary and sufficient conditions on a function M ( x, y) 
to be representable in the form 
(2) M(x, y) = 1- 1 [P 1(x) + q 1(y)], 
where p + q = 1 (P + q), 1 ( x) is a strictly increasing, continuous 
function and 1-1 (x) denotes its inverse. Hence, every nonsym-
metric mean can be represented in the form (2) and every func-
tion so representable is a nonsymmetric mean. These means are 
usually called weighted means. 
The discussion up to now has been restricted to means of two 
numbers for the sake of simplicity. This theory can be extended 
to means of any number of variables. Before we turn to means 
of more than two variables we shall give an example of a non-
bisymmetric mean. 
3. N on-bisynimetric means. The function 
(3) F(x 'V) = (x-y)2 + x + y 
'· 4(b-a) 2 
(aLx, yLb) 
satisfies the postulates ( i), (ii), (iii), ( v) but it does not satisfy 
postulate (iv). That it satisfies ( i), (iii), and ( v) is seen by 
2 J. Aczel, On mean values, Bull. Am. Math. Soc., vol. 54 (1948) pp. 392-410. 
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inspection. To show that it satisfies (ii), namely to show that 
F(x, y) is a strictly increasing function in the interval (a, b) in 
each variable, we show that the partial derivative of F(x, y) with 
respect to x is always positive in the given interval. 
flF (x-y) 1 
flx = 2 ( b - a) + 2 
If .r>y this is obviously positive. If x<y, x -y>a- b from 
from which it follows that flF /flx>O. 
The equation (3) defines a non-bisymmetric mean of x and y 
with respect to a given interval (aLx, yLb). We indicate this 
dependence on this interval by writing 
(4) F(x, y) =Mca, bl(x, y). 
If the interval (a, b) is infinite, M (a, bl ( x, y) reduces to the arith-
metic mean, if the interval is finite and x =a, y = b, M ca, bl (a, b) 
=(a+ 3b)/4 and we have a weighted mean of a and b. That 
Mca, bl (x, y) as defined by (4) and (3) cannot be written in the 
form ( 1) or ( 2) follows from the fact that every function expressi-
ble in the form (1) or (2) is bisymmetric while Mca, bl (x, y) is 
not bisymmetric as can easily be verified. It is however a gen-
eralization of the ordinary arithmetic mean and the weighted mean 
because it reduces to these in special cases as was shown above. 
There exists another property which is common to the ordinary 
means, namely that of homogeneity. This means that M(f...r, f..y) = 
'AM ( x, y). That this property depends on the interval in which the 
variables .r and y lie even for the case of the ordinary geometric 
mean is evident from the considerations of the geometric mean 
G(x,y)=yxy x>O, y>O. 
In this case G(A.r, f..y) = yh f..y = f.. y .ry = f..G(x, y) if and only 
if 'A>O. Hence a generalization of the notion of homogeneity to the 
non-bisymmetric means, namely to Mca, bl (x, y), might bring out 
this dependence on the interval. We therefore state the following 
postulate of generalized honiogeneity. 
(vi) M'Aa, Ab ('Ax, f..y) =AM ca, b) (x, y). 
This postulate reduces for the case that the interval (a, b) is the 
whole real axis to 
(vi') M(h, f..y) ='AM(x, y), 
which is satisfied by the arithmetic, and also by the harmonic mean 
if A =I= 0 in this latter case. The nonbisymmetric mean as defined 
by equation ( 3) satisfies postulate (vi). To show this we write 
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(h-/.y) 2 1-x+l-y 
Ml.a, Ab (1-.i-, 1-y) = 4(/..b-/..a) + 2 
= /..(x-y) 2 + /..(x+y) 
4(b-a) 2 
= /..Mca, b) (x, y). 
Thus the function defined by ( 3) and ( 4) behaves with respect 
to the generalized notion of homogeneity like the ordinary means. 
It might be of interest to point out that postulates (ii) and (iii) 
imply x L M(x, y) Ly. This property has been called "intern-
ness," for it states that the mean of two unequal numbers always 
lies between these numbers. Since the non-bisymmetric means 
satisfy postulates (ii) and (iii), they possess the property of 
"internness." 
If we start with any function N ( x, y) which satisfies the post-
ulates of non-bisymmetric means (i.e. N (x, y) is symmetric, re-
flexive, strictly increasing, and continuous), and if we take any 
strictly increasing, continuous function f(x) defined over the 
interval (a, b) for which N ( x, y) is defined, then 
N,(x, y) =f- 1 N[f(x), f(y)] 
will also be a non-bisymmetric mean. 
We selected for our discussion the particular non-bisymmetric 
mean given by equation ( 3), because that function is a rational 
integral function of x and y. We could have chosen y xy/2 + 
(x+y)/4, or xy/(x+y) + (x+y)/4, which are also non-
bisymmetric means but these are not rational integral functions. It 
might be mentioned that the only rational integral function of two 
variables which satisfies all the postulates ( i), (ii), (iii), and (iv) 
is the ordinary arithmetic mean ( x + y) /2. 
4. A direct generalization of the ordinary means. A function 
f(x, y) can be considered an operation on x and y. This operation 
is said to be associative if 
(5) f[f(x, y), z] =f[x, f(y, z)]. 
If equation ( 5) is satisfied by a function, we shall say the fttnction 
is associative. Examples of associative functions are f(x, y) = 
x + y, g(x, )') = xy. From these associative functions we can 
derive the arithmetic and geometric means by taking the inverse 
functions of f(x, x), and g(x, x) and applying them to f(x, y) and 
g(x, y) respectively. Thus f(x, .r) = 2x; its inverse is x/2. And 
g ( x, x) = x 2 while its increasing inverse is y :X:. Applying these 
4
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inverse functions to :r + y, and xy we get (x + y )/2 and y xy. 
These means were obtained from rational integral functions of 
x and y which were associative. The method by which these means 
can be generalized in an elementary way is to start out with the 
most general rational, integral, associative function and then apply 
the above indicated procedure. 
By elementary methods it can be shown that the most general 
rational integral function which is strictly increasing, and associa-
tive is 
F ( , ) _ (ax + b) ( ay + b) - b 
x, }. - a ' 
where .:r, y > - b/a, a> 0. We next form F(:r, :r), find its in-
verse, and apply it to F ( x, y). We then get 
y (ax + b) ( ay + b) - b 
(6) M-b/a, 00 (x, y) a 
which is defined for x, y > - b/a, and satisfies all the postulates 
of a symmetric mean, as is easily verified. If b = 0, it reduces to 
the ordinary geometric mean; if a goes to zero, we have an indeter-
minate form, but by L'Hospital's rule it is easy to show that 
(7) 
x+y 
lim M-b/a, 00 (x, y) = --2- . 
a~o 
It should also be noticed that the mean given by (6) satisfies 
postulate (vi) . 
If one starts with the arithmetic mean, then any symmetric 
mean can be written in the form of equation ( 1). Instead of 
starting with the arithmetic mean, one can start with the mean 
given by (6) and write 
(8) M1(x, y) = f- 1 ~- M-b/a, 00 [f(x), f(;1)] ~ , 
where f(:r) is a strictly increasing function. If f(:r) = :r, we get 
the mean given by (6) ; if f (:r) = (ex - b) /a, we get the arith-
metic mean; replacing :r by 1/ :r in the last given function we obtain 
the harmonic mean. 
5. On convex functions. Returning now to the usual definition 
of means we write 
(9) M1[:r, y; p, q] = f- 1 [P f(:r) + q f(y)] 
where p + q = 1, f(:r) is strictly increasing, continuous, and 
f- 1 ( :r) is its inverse. It is known 3 that 
s Aczel, loc. cit. 
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2vl1[x, y; p, q] = M0 [x, y; a,~] 
if and only if a= p, q =~.and g(x) =a f (x) + b, where a and 
b are real numbers, a =f= 0. 
A function F ( x) is said to be convex if 
(lO) F ( ..i-1 t ..i-2 ) L F(x1 ) t F(..i-2 ) 
for every x 1 and x 2 in the interval of definition of F(x). A gen-
eralization of this notion is given by the equation 
( 11 ) F ~ Mu [ x u x 2 ; p, q l ~ L Mt [ F ( x 1 ) , F ( x 2 ) ; a, ~] . 
We say therefore a function F(x) is convex with respect to the 
means M 0 and M 1 if F ( x) satisfies equation ( 11) for all x u x 2 in 
the interval of definition of F ( x). It can easily be verified that e" 
is convex with respect to the arithmetic and geometric means. 
The question naturally arises for what continuous function F(x) 
the equality sign can hold in ( 11) for all x u x 2 in the interval of 
definition of F ( x). The answer was given by AczeI and is that 
a=p, ~=q, and F(x)=f-1 [a g(x) +b], where a and bare 
any real numbers. 
For the mean given by (6) we have the following result. Every 
continuous function F(x) which at M-b/a, oo (xu ..i-2 ) takes on 
the value M-b/a, oo [F(x1 ), F(x2 ) ], is of the form 
F(x) = k(ax+b)a.-b 
a 
where a and k are positive real numbers. 
6. Means of any number of numbers. By analogy with equa-
tion (2) the mean M1[xu x 2 , • • ·, x,.; Pu p2 , • • ·, p,.] (also writ-
ten as M 1[xi; pi]) of n numbers x., with respect to the strictly 
increasing function f and with weights Pi. is defined by the equation 
(12) 
where~ Pi= 1, and f- 1 (..i-) is the inverse of f(x). It is easily seen 
that the function defined by ( 12) is reflexive, i.e. it reduces to x if 
all Xi are equal and have the common value x, it is strictly increas-
ing in each of its variables, it is symmetric if all the weights p1 are 
equal. It can also be shown that it possesses a property which is a 
generalization of bisymmetry. We shall not give a definition of this 
property but refer the reader to the literature on this subject.4 
4 Acze!, toe. cit. 
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The mean of an infinite, but denumerable number of numbers z 1 , 
with respect to a strictly increasing function f ( x) and with weights 
Pt can be defined as 
()() 
(13) 
where l: PI= 1, and the series inside the brackets is assumed to 
converge. 
Next let F(z) be a probability distribution function, namely such 
that F ( z) is strict! y increasing and the Stiel t j es integral 
f ;F= 1. 
-00 
We define the mean of any number of numbers x with respect to 
the strictly increasing function f ( z), and with weight function F as 
(14) M1(x, F) =f-1 [ f_~(x) dF] 
where the integral is a Stieltjes integral. 
If F(x) is a step function with a finite or denumerable number 
of discontinuities of p1 at x1 , the last definition reduces to that of 
equations (12) or (13). 
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